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Lubricated rotating discIn this paper, we have performed an analysis to study characteristics of heat transfer in unsteady flow
past a lubricated rotating disc. A generalized Newtonian fluid obeying power law constitutive equation
has been invoked to model the lubricant. A set of dimensionless coordinates is utilized to convert given
partial differential equations into non-linear coupled ordinary differential equations. Interfacial condi-
tions have been derived with the help of continuity of shear stress and velocity of the lubricant and core
fluid. The obtained boundary value problems are numerically solved with the help of Keller-Box method.
Impact of physical parameters in the presence of lubrication on fluid velocity, temperature and pressure
is displayed graphically. The skin friction coefficients and local Nusselt number are examined through
tables.
 2016 Karabuk University. Publishing services by Elsevier B.V. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The flow of fluid in the vicinity of a rotating disc has many
applications in fluid mechanics, engineering and industry. A few
examples of such flows include spin coating, water treatment
plants, washing machines, spinning disc reactors, turbines, vis-
cometers, sports discs, fans, rotors, electrochemical engineering,
computer storage devices, centrifugal pumps etc. Shear stress gen-
erated by the flowing fluid is utilized to control the boundary layer
thickness, to produce photographic films and papers, to clean the
surface of objects, to cool the hot skin of machines and crafts and
to regulate the thickness in the wire coating mechanism. Initially
Von Karman [1] explored theoretical analysis of fluid flowing on
rotating disc. Cochran [2] reconsidered Von Karmon’s problem
and found a correct and more reliable numerical solution. Impact
of normal blowing on the fluid flow caused by a rotating disc
was studied by Kuiken [3]. Watanabe and Oyama [4] discussed
heat transfer analysis of electrically conducting fluid near a rotat-
ing disc. Wang [5] considered the flow towards a stagnation point
near an off-centered rotating disc. He found that disposition of disc
makes the flow phenomenon more complex. The problem of Wang
[5] was reconsidered by Nourbakhsh et al. [6]. They reshape the
results using an analytical technique. Miklavcic et al. [7] discussed
the slip flow near a rotating disc. Time-dependent MHD flow andheat transfer of a fluid in the vicinity of a rotating disc has been
considered by Kumari and Nath [8]. Nazar et al. [9] discussed flow
due to a stagnation point near a stretching surface. Recently Zhong
and Fang [10] investigated time-dependent flow in the vicinity of a
stagnation point impinging on a flat plate by considering planar
and axisymmetric flows. Munawar et al. [11] analyzed unsteady
flow near a stagnation point due to a rotating disc. Sparrow and
Gregg [12] analyzed the temperature and concentration fields for
flow over a rotating disc. In another investigation, Sparrow and
Chess [13] investigated heat transfer in an MHD flow near a rotat-
ing disc. Thacker et al. [14] re-examined the work of Sparrow and
Chess [13] by applying suction and injection at the disc surface.
Turkyilmazoglu [15–17] analyzed heat transfer by considering dif-
ferent aspects of the flow about a rotating disc. Recently Naveed
et al. [18] studied hydromagnetic flow past a time-dependent
curved stretching surface. Khalid et al. [19] produced theoretical
results to investigate time-dependent MHD flow of a Casson fluid.
They considered a free convective flow along an oscillating surface
placed vertically in a porous medium. Effects of an applied mag-
netic field in an unsteady radioactive flow of a nanofluid with dust
particles past a stretching surface was examined by Kumar et al.
[20]. Heat and mass transfer for a magnetohydrodynamic Casson
fluid past an exponentially permeable stretching sheet is investi-
gated by Raju et al. [21].
Frusteri and Osalusi [22] discussed the impact of slip on the
flow due to a permeable disc. Impact of slip for the flow through
two stretchable disks is studied by Munawar et al. [23] using
HAM. Wang [24] analyzed the impact of slip on the flow due to a
Nomenclature
Symbol Quantity
q flow rate
P fluid pressure
d thickness of lubricant
U;V ;W velocity components of viscous fluid
l viscosity of viscous fluid
m kinematic viscosity
T temperature
x angular velocity of disc
lL viscosity of power-law fluid
q density
a thermal diffusivity
u; v;w velocity components of power law fluid
c characteristic parameter
Symbol of unit Unit
m3=s cubic metres per second
Pa ¼ N=m2 Pascal
m2=s square meters per second
K Kelven
m meter
m=s meter per second
N s=m2 poiseuille
kg=m3 kilogram per cubic meters
t1 inverse of time
Symbol Quantity without unit
k consistency coefficient
b unsteadiness parameter
k slip parameter
f ; g;h non dimensional velocity components
n flow behaviour index
h non dimensional temperature
Pr Prandtl number
p non dimensional pressure
Fig. 1. A sketch of considered flow situation.
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bio-convection slip flow of a micropolar nanofluid over a shrink-
ing/stretching surface. Influence of multiple-slip in buoyancy-
driven bio-convection nanofluid flow is analyzed by Jashim Uddin
et al. [26]. Andersson and Rousselet [27] proposed a new slip
boundary condition by incorporating continuity of shear stress
and velocity at the interface between a fluid and a lubricant. They
introduced a power-law fluid for the lubrication purpose. Axisym-
metric flow due to a stagnation point in a viscous fluid past a lubri-
cated stationary disc was investigated by Santra et al. [28].
Axisymmetric stagnation point flow using a generalized slip has
been explored by Sajid et al. [29]. Stagnation point flows of vis-
coelastic as well as third grade fluids due to lubricated surface
were also analyzed recently by Sajid et al. [30,31]. Mahmood
et al. [32] investigated non-orthogonal flow towards a stagnation
point past a lubricated plate using a non-Newtonian second grade
fluid model. In another investigation Mahmood et al. [33] extended
the work of Andersson and Rousselet [27] by considering a second
grade fluid.
In this manuscript, our aim is to investigate heat transfer in the
time-dependent flow of a fluid near a rotating disc which is lubri-
cated by a power-law fluid. An interfacial slip condition is attained
and outcomes for the cases of no-slip and steady flow are figured
out from the acquired solutions. A numerical solution is obtained
by implementing a well-known method called the Keller-
Box method [34–38].2. Mathematical formulation
Consider time-dependent incompressible three dimensional
flow due to a rotating disc which is lubricated by a slim coating
of a power-law fluid. Core fluid strikes the disc at right angle and
spreads all around in the radial direction as shown in Fig. 1. The
disc is assumed to be rotating about z -axis with angular velocity
x with center at origin. The viscous fluid at the free stream moves
with a velocity U1 ¼ xr=ð1 ctÞ such that ct < 1 where the
parameter c has dimension ðt1Þ.
The time-dependent temperature Tw of the disc is given as [15]
Tw ¼ T1 þ T0ð1 ctÞ3=2; ð1Þ
where the temperatures T0 and T1 measure the rate of increase
along the disc and at free stream respectively. If u;v ;w are thevelocity components of the power law fluid then its volume flow
rate is given by [27]
q ¼
Z dðrÞ
0
uðr; zÞ2prdz; ð2Þ
in which d is the thickness of the power law lubricant. Utilizing a
velocity field ½U;V ;W for the bulk flow, the equations governing
the rotational flow and heat transfer are [15]
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Fig. 2. Axial velocity hðgÞ plotted against the slip parameter k. Dashed lines are
calculated by [27].
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where q; m;a and P are respectively density, kinematic viscosity,
thermal diffusivity and fluid pressure. The boundary conditions at
fluid–solid interface imply [27].
uðr;0Þ ¼ 0; vðr;0Þ ¼ U1; wðr;0Þ ¼ 0; Pðr; 0Þ ¼ 0: ð8Þ
As the lubrication layer is very slim, therefore
wðr; zÞ ¼ 0 8 0 6 z 6 d: ð9Þ
At the interface, radial and tangential components of shear
stress must be continuous. Therefore according to [27]
l @U
@z
 
¼ lL
@u
@z
; ð10Þ
l @V
@z
 
¼ lL
@v
@z
; ð11Þ
in which lL represents the viscosity of the lubricant. If we assume
@u
@r  @u@z and @v@r  @v@z, then
lL ¼ k
@u
@z
 2
þ @v
@z
 2" #n12
; ð12Þ
where n denotes the flow behaviour index and k represents the con-
sistency coefficient of the lubricant. It is assumed that u and v are
linearly proportional to z where 0 6 z 6 d. Thus following [27], we
have
uðr; zÞ ¼ ~uðrÞz
dðrÞ ; ð13Þ
vðr; zÞ ¼ xr  ðxr  ~vðrÞÞz
dðrÞ ð14Þ
where ~u and ~v are the velocity components of both fluids at the
interface. Solving Eqs. (2) and (13), we get
dðrÞ ¼ q
pr~uðrÞ : ð15Þ
Like the shear stress, the radial and azimuthal velocity compo-
nents of both fluids are also continuous at the interface. Therefore
~u ¼ U; ~v ¼ V ð16Þ
Substituting Eqs. (12)–(16) into Eqs. (10) and (11), one gets the
following boundary conditions known as slip conditions.
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Using the continuity of axial velocity components of both fluids
and Eq. (9), we have
Wðr; dðrÞÞ ¼ wðr; dðrÞÞ ¼ 0: ð19Þ
Following [27], we can impose boundary conditions (17)–(19)
at the surface of disc. Furthermore
Uðr;1Þ ¼ 0 and Vðr;1Þ ¼ 0: ð20Þ
The temperature profile satisfies the following boundary
conditions
Tðr;0Þ ¼ Tw and Tðr;1Þ ¼ T1 ð21ÞThe radial shear stress sr , tangential shear stress sz and rate of
heat transfer q at the wall are respectively given by
sr ¼ l @U
@z
 
z¼0
; sz ¼ l @V
@z
 
z¼0
; q ¼ K @T
@z
 
z¼0
ð22Þ
To transform equations (3)–(7) into ordinary differential equa-
tions, the following new variables are utilized.
g ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x
mð1 ctÞ
r
z; U ¼ U1f ðgÞ; V ¼ U1gðgÞ;
W ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xm
ð1 ctÞ
r
hðgÞ; P ¼ l
r
U1pðgÞ ð23Þ
T  T1 ¼ ðTw  T1ÞhðgÞ ð24Þ
The resulting system in new variables gives
h0 ¼ 2f ð25Þ
f 00  hf 0  f 2  b f þ g
2
f 0
 
þ g2 ¼ 0; ð26Þ
g00  hg0  2fg  b g þ g
2
g0
 
¼ 0; ð27Þ
p0  2fhþ 2f 0  b
2
ðgh0 þ hÞ ¼ 0: ð28Þ
h00  Pr hh0 þ b
2
ð3hþ gh0Þ
 
¼ 0; ð29Þ
hð0Þ ¼ 0; pð0Þ ¼ 0; hð0Þ ¼ 1; ð30Þ
f 0ð0Þ ¼ k½f ð0Þ43½ðf ð0ÞÞ2 þ ð1 gð0ÞÞ21=3; ð31Þ
g0ð0Þ ¼ k½f ð0Þ13½1 gð0Þ½ðf ð0ÞÞ2 þ ð1 gð0ÞÞ21=3; ð32Þ
f ð1Þ ¼ 0; gð1Þ ¼ 0; hð1Þ ¼ 0: ð33Þ
where b ¼ c=x denotes the unsteadiness parameter, Pr ¼ m=a is the
Prandtl number. For b ¼ 0, Eqs. (26)–(29) represent the steady case.
The parameter k introduced in Eqs. (31) and (32) is defined as
k ¼ k
ﬃﬃﬃ
m
p
l
p
q
 1
3 a
2
3
a
3
2
: ð34Þ
where a ¼ x=ð1 ctÞ. It is important to mention that to obtain a
similar solution of Eqs. (25)–(29), we have taken n ¼ 1=3. The con-
stant k given in Eq. (34), is called slip parameter and may be rewrit-
ten as
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3
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: ð35Þ
According to Eq. (35), the constant k defines the ratio of Lvisc
(viscous length) to the Llub (lubrication length). For highly viscous
lubricant and small Llub, the parameter k achieves a huge value.Fig. 3. Radial velocity f ðgÞ plotted against the slip parameter k. Dashed lines are
calculated by [27].
Fig. 4. Circumferential velocity gðgÞ plotted against the slip parameter k. Dashed
lines are calculated by [27].
Fig. 5. Pressure profile plotted against the slip parWhen k!1, one gets f ð0Þ ¼ 0 and gð0Þ ¼ 1, from Eqs. (31) and
(32) commonly known as no-slip conditions. Conversely when
k! 0, we obtain f0(0) = 0 and g0(0) = 0 called full slip boundary con-
ditions. Thus k measures the slip produced by the lubricant.
The non-dimensional forms of both the components of skin fric-
tion coefficients and local Nusselt number are respectively given asameter k. Dashed lines are calculated by [27].
Fig. 6. Axial velocity hðgÞ plotted against the unsteadiness parameter b. Dashed
lines show the no-slip case.
Fig. 7. Radial velocity f ðgÞ plotted against the unsteadiness parameter b. Dashed
lines show the no-slip case.
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where Rer ¼ ar2=m.
3. Numerical results and discussions
The present problem consists of highly non-linear and coupled
differential equations given in Eqs. (25)–(29). The boundary condi-
tions (30)–(33) are also non-linear and coupled. Analytical solution
of such a system is not possible. The only way to handle this type of
system is implementation of some numerical algorithm. We did
the same and obtained the numerical solution with the help of
highly accurate Keller-box method [34–38].
To see the flow behaviour against the physical parameters
Figs. 2–13 are plotted. Tables 1 and 2 are devoted for the numerical
computations of radial shear stress, tangential shear stress and heat
transfer coefficient under the influence of emerging parameters.
Figs. 2–5 are displayed to observe the variation in velocity com-
ponents and pressure against the slip parameter k. Influence of k on
axial velocity h is depicted in Fig. 2. This figure shows that axial
inflow is increased by reducing the amount of lubrication on the
surface of disc. A steady case (when b ¼ 0) is illustrated by dashed
lines. Increase in the axial velocity is lesser for the unsteady case. ItFig. 8. Circumferential velocity gðgÞ plotted against the unste
Fig. 9. Pressure profile plotted against the unsteadinesis due to the fact that parameter b depends upon angular velocity
x which intern is a function of time. As the time ticks away, x is
decreased causing the reduction in the axial in flow. But h-curves
tends to overlap for both cases in the absence of slip. Fig. 3 shows
the impact of slip parameter on the radial velocity f . This figure
shows that f is augmented on increasing k. An increment in the
axial inward flow automatically gives rise to radial outward flow
according to continuity equation (25). The increase in f is more
prominent for the steady case (b ¼ 0). A decrement in the peak
value of radial velocity with increasing amount of lubrication is
observed in the figure depending upon axial inward flow (Eq.
(25)). Fig. 4 illustrates the variation in the shear velocity g showing
that it is an increasing function of k. Acceleration in the value of g is
more significant for the steady case. It is worth noting that this
component of velocity determines the torque which is responsible
for the steady rotation of the disc. As the slip on the disc surface is
decreased, the imposed torque decreases and accordingly the shear
velocity reduces. Effects of k on the pressure profile is presented in
Fig. 5. According to this figure, pressure increases by reducing slip
on the surface when b ¼ 0 and b > 0. An extensive enhancement in
the pressure is observed for the unsteady case while moving no
slip to full slip regime. However a small deviation is observed near
full slip (for smaller values of k) for the steady case as shown inadiness parameter b. Dashed lines show the no-slip case.
s parameter b. Dashed lines show the no slip case.
Fig. 10. Temperature profile plotted against k for two different values of b when
Pr ¼ 1.
Fig. 11. Temperature profile plotted against b for two different values of k when
Pr ¼ 1.
Fig. 12. Temperature profile plotted against Pr when k ¼ 1. The dashed lines show
steady case.
Fig. 13. Temperature profile plotted against Pr when b ¼ 0:05. The dashed lines
show no-slip case.
1954 K. Mahmood et al. / Engineering Science and Technology, an International Journal 19 (2016) 1949–1957Fig. 5(b). The reason for this surprising behaviour is that for lowest
values of slip parameter, ambient pressure exceeds the disc pres-
sure which drives the flow towards the disc.
Variation in the velocity components and pressure against the
parameter b is depicted in Figs. 6–9 for partial (k ¼ 0:2) and no slip
(k ¼ 1) cases. Fig. 6 provides that axial in flow h is inverselyrelated with unsteadiness parameter b. It is due to the fact that b
depends upon time and the axial velocity decreases with time.
The decrease in the axial velocity is more prominent on the lubri-
cated disc. The radial velocity f shows the same behaviour as that
of axial velocity h as shown in the Fig. 7. It is due to the mass con-
servation formula (25) as discussed earlier. Variation in the cir-
cumferential velocity g with respect to parameter b is analyzed
in Fig. 8 both for partial and no slip cases. It is evident that g
reduces by enhancing b. A lubricated surface appreciates this
decrement in the value of g as compared to the rough surface.
Impact of unsteadiness parameter b on the pressure is presented
in Fig. 9. One can observe that pressure is an increasing function
of b. The reason is that by increasing b, angular velocity of disc
reduces and thus the pressure on the surface increases. It is also
clear from this figure that increase in the pressure is more promi-
nent on the lubricated surface.
Fig. 10 elaborates the variation in the temperature h by aug-
menting k when Pr ¼ 1 both for steady (b ¼ 0) and unsteady
(b ¼ 0:1) cases. It is concluded from this figure that h decreases
by decreasing amount of lubrication. This figure also shows that
unsteadiness appreciates the lubrication effects (solid lines). Influ-
ence of unsteadiness parameter b on hwhen Pr ¼ 1 for both no-slip
(dashed lines) and partial slip (solid lines) cases is elaborated in
Fig. 11. According to this figure h increases by increasing b. This
increase can be enhanced by applying the lubrication on the sur-
face (k ¼ 0:5Þ. Temperature variations with Prandtl number Pr
are shown in Fig. 12 when k ¼ 1. The dashed lines show the steady
case. It has been observed that h reduces by enlarging Pr. This
reduction is more eminent for the steady case. The reason is that
thermal diffusivity decreases by increasing Pr and as a result tem-
perature is reduced. Fig. 13 is devoted for the effects of Pr on tem-
perature profile h both for steady and unsteady cases respectively.
It is obvious from this figure as Pr is increased, a decrease in the
value of h is observed which further depreciates on the lubricated
surface (solid lines). Influence of k and b on the magnitudes of the
radial shear stress f0(0), tangential shear stress g0(0) is illustrated
in Table 1. According to this table both radial and tangential shear
stresses reduce by decreasing k (increasing slip) as well as increas-
ing unsteadiness parameter b. However numerical value of tangen-
tial shear stress enhances by increasing b for the no-slip case. The
variation in heat transfer coefficient against the different parame-
ters is elaborated in Table 2. We observe that h0(0) increases first
and then decreases by increasing slip parameter for the different
values of b and Pr. It is also obvious from this table that h0(0)
decreases by increasing unsteadiness parameter. This table also
shows that heat transfer coefficient gains the magnitude as Pr is
Table 3
Comparison of f0(0) and g0(0) with those of [27], [07] and [15] when b ¼ 0 .
f0(0) g0(0)
k ¼ 0:5 k ¼ 1 k ¼ 1 k ¼ 0:5 k ¼ 1 k ¼ 1
Current 0.0349915 0.1108785 0.51023261 0.2035353 0.3691273 0.61592202
By [27] 0.0349915 0.1108785 0.5102326 0.2035353 0.3691273 0.6159220
By [07] – – 0.5102326 – – 0.6159220
By [15] – – 0.51023262 – – 0.61592201
Table 4
Comparison of numerical values of heat transfer coefficient h0(0) with those of [15]
when b ¼ 0 and k ¼ 1.
Pr = 0.72 Pr = 6
Current 0.3285701 1 0.92118502
By [15] 0.3285701 0 0.92118503
Table 1
Numerical data representing radial shear stress f 0ð0Þ and tangential shear stress g0ð0Þ under the influence of k and b. Numerical data for the steady case is calculated by [27].
b f0(0) g0(0)
k ¼ 0:5 k ¼ 1 k ¼ 1 k ¼ 0:5 k ¼ 1 k ¼ 1
0 0.0349916 0.1108784 0.5102327 0.2035352 0.3691274 0.6159221
0.1 0.0267485 0.0946545 0.4897258 0.1946088 0.3661441 0.6526113
0.2 0.0191817 0.0790946 0.4697303 0.1833526 0.3611589 0.6891521
0.4 0.0076478 0.0513263 0.4317947 0.1532713 0.3448532 0.7618598
0.7 0.0010026 0.0221522 0.3824878 0.0986576 0.3051776 0.8700152
1 0.0001113 0.0078368 0.3429943 0.0590016 0.2531332 0:9752703
1.5 0.0000058 0.0011631 0.2945197 0.0287541 0.1697148 1.1400861
2 0.0000005 0.0001948 0.2605667 0.0166259 0.1127152 1.2906812
Table 2
numerical data representing heat transfer coefficient h0(0) under the influence of k, b and Pr.
b k Pr ¼ 0:1 Pr ¼ 0:5 Pr ¼ 1 Pr ¼ 3 Pr ¼ 10 Pr ¼ 50
0 0.5 0.1453511 0.2332090 0.3390227 0.6352724 1.1941080 2.6764945
1 0.1509776 0.2637037 0.3928786 0.7303140 1.3519010 2.9779919
2 0.1539612 0.2786405 0.4155070 0.7556897 1.3600160 2.8867569
5 0.1541503 0.2775062 0.4084500 0.7190101 1.2373179 2.4431712
1 0.1534816 0.2725265 0.3967034 0.6823829 1.1339601 2.0908651
0.05 0.5 0.1383725 0.1973339 0.2739340 0.5098213 0.9402619 1.9939607
1 0.1430042 0.2240405 0.3243281 0.5955467 1.0597740 2.1395281
2 0.1449088 0.2348962 0.3411682 0.6042143 1.0179513 1.8656158
5 0.1443032 0.2307425 0.3290773 0.5537606 0.8574734 1.2886016
1 0.1433198 0.2245784 0.3152027 0.5116052 0.7401919 0.8924005
0.1 0.5 0.1314763 0.1608910 0.2028204 0.3616739 0.6513216 1.2208393
1 0.1351181 0.1833787 0.2500794 0.4485049 0.7455582 1.2352766
2 0.1359066 0.1897997 0.2614036 0.4423211 0.6544020 0.7740992
3 0.1353352 0.1871110 0.2547855 0.4130926 0.5576946 0.6160532
1 0.1331045 0.1747750 0.2277805 0.3288278 0.3697265 0.3918378
K. Mahmood et al. / Engineering Science and Technology, an International Journal 19 (2016) 1949–1957 1955increased. Tables 3 and 4 show the comparison of f0(0), g0(0) and
h0(0) respectively with available results in the special case.
4. Conclusion
Heat transfer analysis in the time-dependent flow past a lubri-
cated rotating disc is investigated in this manuscript. The required
lubrication is provided by a power law fluid. To obtain the similar
solution, we have set n ¼ 1=3. The problem is solved numerically
by Keller-box method. Our aim is to figure out the effects of emerg-
ing parameters on the flow characteristics in the presence of lubri-
cation. Some findings of the investigation are as under.
(i) The lubricant enhances the velocity and pressure of bulk
fluid. This increase is more rapid for the unsteady case.(ii) A reduction in the fluid velocity is observed with an increase
in the unsteadiness parameter b. The lubrication enhances
the reduction.
(iii) An increase in the value of b causes an increase in the pres-
sure distribution. This fact is true for both steady and
unsteady cases.
(iv) The components of radial and tangential shear stress aug-
ment by enlarging k and decrease by enhancing b. However
tangential shear stress is an increasing function of b in the
absence of slip.
(v) The heat transfer coefficient h0(0) increases first and then
decreases by increasing slip parameter for the various values
of b and Pr.
(vi) h0(0) decreases by increasing unsteadiness parameter and
increases with increasing Prandtl number. However an
unexpected behaviour is observed for the higher values of
Pr and b at and near no-slip ðk!1Þ.Acknowledgement
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Derivation of skin friction coefficients
Non-dimensional form of skin friction coefficient in radial direc-
tion is given as
Cf r ¼
sr
qU1
¼ l
@U
@z
	 

z¼0
qU21
;
where U1 ¼ ar and a ¼ x=ð1 ctÞ. Further simplification gives
Cf r ¼
lar
ﬃﬃ
a
m
p
f 0ð0Þ
qa2r2
Cf r ¼
ﬃﬃﬃﬃﬃﬃﬃ
m
ar2
r
f 0ð0Þ ¼ Re1=2r f 0ð0Þ
f 0ð0Þ ¼ Re1=2r Cf r ðAÞ
where Rer ¼ ar2m
Similarly non-dimensional form of skin friction coefficient in
tagential direction is given as
Cfz ¼ sz
qU21
¼ l
@V
@z
	 

z¼0
qU21
Cfz ¼
lar
ﬃﬃ
a
m
p
g0ð0Þ
qa2r2
Cfz ¼
ﬃﬃﬃﬃﬃﬃﬃ
m
ar2
r
g0ð0Þ ¼ Re1=2r g0ð0Þ
g0ð0Þ ¼ Re1=2r Cfz: ðBÞDerivation of local Nusselt number
Nu ¼ rqw
KðTw  T1Þ ¼
rK @T
@z
	 

z¼0
KðTw  T1Þ
Nu ¼ rh0ð0Þ
ﬃﬃﬃ
a
m
r
¼ h0ð0Þ
ﬃﬃﬃﬃﬃﬃﬃ
ar2
m
r
Nu ¼ h0ð0ÞRe1=2r
h0ð0Þ ¼ Re1=2r Nu ðCÞDerivation of slip parameter k
Using Eq. (23) into Eq. (17), we have
U1f
0ðgÞ
ﬃﬃﬃ
a
m
r
¼ k
l
p
q
 n
U1f ðgÞðrU1f ðgÞÞn½ðU1f ðgÞÞ2þðU1U1gðgÞÞ2
n1
2 :
ðDÞ
Substituting the value of U1 in Eq. (D) and simplifying we
get
arf 0ðgÞ
ﬃﬃﬃ
a
m
r
¼ k
l
p
q
 n
a2nr3nf ðgÞnþ1½f ðgÞ2 þ ð1 gðgÞÞ2
n1
2 : ðEÞ
To obtain the similar solution, we put n ¼ 1=3 in Eq. (E) and get the
following equation.
f 0ðgÞ ¼ k
ﬃﬃﬃ
m
p
l
p
q
 1
3 a
2
3
a
3
2
ðf ðgÞÞ43½ðf ðgÞÞ2 þ ð1 gðgÞÞ21=3;which on the surface of disc becomes Eq. (31) given by
f 0ð0Þ ¼ kðf ð0ÞÞ43½ðf ð0ÞÞ2 þ ð1 gð0ÞÞ21=3;
in which the physical parameter k is defined by the following rela-
tion as mensioned in Eq. (34).
k ¼ k
ﬃﬃﬃ
m
p
l
p
q
 1
3 a
2
3
a
3
2
¼
ﬃﬃm
a
p
l
k
qa
p
	 
1
3
¼ Lvisc
Llub
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